It is argued that two-dimensional U (N ) spin models for any N undergo a BKT-like phase transition, similarly to the famous XY model. This conclusion follows from the Berezinskii-like calculation of the two-point correlation function in U (N ) models, approximate renormalization group analysis and numerical investigations of the U (2) model. It is shown, via Monte Carlo simulations, that the universality class of the U (2) model coincides with that of the XY model. Moreover, preliminary numerical results point out that two-dimensional SU (N ) spin models with the fundamental and adjoint terms and N > 4 exhibit two phase transitions of BKT type, similarly to Z(N ) vector models.
I. INTRODUCTION
The existence of the Berezinskii-Kosterlitz-Thouless (BKT) phase transition has been established in a number of Abelian models. The most famous example is provided by the two-dimensional (2D) XY model [1] [2] [3] [4] . It is an infinite-order phase transition characterized by 1) absence of singularities in the free energy and all its derivatives, 2) essential singularity in the behavior of the correlation length in the vicinity of the critical point and 3) power-like decay of the two-point correlation function in the massless phase.
During the four decades following its discovery, a similar phase transition has been found and thoroughly studied in many lattice spin and gauge models. Below is a list of some of these models, relevant for the present study:
• 2D Z(N ) spin models for N ≥ 5. Generalized models of this type, including vector Potts models, possess two BKT-like phase transitions with an intermediate massless phase [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] .
• 3D U (1) lattice gauge theory (LGT) at finite temperature [16, 17] . The deconfinement phase transition in this model is also of a BKT type. The universality class of the model coincides with that of the 2D XY model [18] [19] [20] [21] [22] .
• 3D Z(N )
LGTs at finite temperature for N ≥ 5 also exhibit two BKT phase transitions, which belong to the universality class of the 2D Z(N ) spin models [23] [24] [25] [26] .
This list could be continued to include many antiferromagnetic models, SOS-type models and some 2D models of fermions. We would like to emphasize that all known examples where the BKT transition takes place in pure systems are restricted to Abelian spin and gauge models. Non-Abelian systems with weak disorder and, if D > 2, described, e.g. by the random-field O(N ) models, may exhibit a BKT-like phase transition which separates the disordered phase from a phase with an infinite correlation length [27, 28] . The main question which we try to answer here is: is there a BKT transition in pure nonAbelian models in dimension D = 2? If the answer is positive, what is its universality class? In the case of the negative answer, the intriguing question is: what is the essential physics in non-Abelian models which forbids the existence of an infinite-order phase transition?
To the best of our knowledge, Berezinskii was the first to address this question in the context of 2D principal chiral models [1] . In fact, his answer was positive. However, after discovering the asymptotic freedom of nonAbelian 2D principal chiral models, the general belief is that there are no phase transitions in these models at any finite values of the coupling constants (the debate is still open as no rigorous proof of the exponential decay of the correlation function at all values of the bare coupling constant is available -see, e.g., [29] ).
In this paper we discuss non-Abelian spin models where the spins are traces of the elements of the nonAbelian group G. We study 2D lattice models with G = U (N ), SU (N ) and nearest-neighbor interaction. The global symmetry of an U (N ) spin model is U (1). According to the Mermin-Wagner theorem, this symmetry cannot be broken spontaneously in two dimensions [30] (it should be stressed, however, that we are not aware of any proof of this theorem directly applicable to the U (N ) spin model). Thus, if there is a phase transition in U (N ), it cannot be accompanied by the breaking of the U (1) symmetry. This is a strong indication that, if it exists, such phase transition can be of infinite order, for all N .
The phase structure of the SU (N ) model, where spins in the action appear only in the fundamental representation, is well known for N = 2, 3 and 4, as this is the simplest effective model for the Polyakov loops which can be calculated in the strong coupling regime of the finite-temperature 3D SU (N ) LGT; all these models exhibit a finite-order phase transition. Therefore, in case of SU (N ) we are interested here in N ≥ 5. The global symmetry of SU (N ) models is Z(N ), which can be broken spontaneously. However, the symmetry alone is not enough even to get a hint on the possible order of the phase transition. For example, even the general Z(5) spin model exhibits a complicated phase structure. Depending on the relation between the two independent couplings in Z(5), the thermodynamic path may cross either only one critical line of the first order phase transition or two critical lines of BKT transitions. General SU (N ) spin models possess infinitely many couplings (one for each representation), hence, the full phase structure might be quite complicated. Various simulations of the finite-temperature 3D SU (N ) LGT at large N show the existence of a first order deconfinement phase transition in the model with the fundamental Wilson action (see [31] and references therein). One expects that the same happens also in the strong coupling regime of the model, i.e. in the 2D SU (N ) spin model where spins are taken in the fundamental representation. As a first step towards general 2D SU (N ) spin models, we consider here the case with both fundamental and adjoint spins, in the space of two independent coupling constants. This paper is organized as follows. In the next section we introduce our notations and define 2D U (N ) and SU (N ) spin models. Following Berezinskii [1] , we calculate the two-point correlation function in 2D U (N ) models and show that it has a power-like fall-off at large β. In Section 3 we calculate some effective model for both 2D U (N ) and SU (N ) by means of the exact integration over original degrees of freedom. Using simple combination of the mean field and renormalization group analysis, we demonstrate the existence of a BKT phase transition in the 2D U (N ) model. Section 4 outlines some details of our numerical simulations. Section 5 presents the results of simulations for the 2D U (2) spin model, while Section 6 contains those for 2D SU (N = 5, 8) with fundamental and adjoint terms. Summary and Discussions are given in Section 7.
II. TWO-DIMENSIONAL SPIN MODELS
We work on a 2D Euclidean lattice Λ = L 2 , with sites
, and denote by e n the unit vector in the n-th direction. Periodic boundary conditions (BC) are imposed in all directions. Let W (x) ∈ G, with G = U (N ), SU (N ), and χ f (W ), χ ad (W ) be the character of G in the fundamental and adjoint representation, respectively. Consider the following partition function on Λ, which describes the interaction of non-Abelian spins
When G = U (N ) we restrict ourself to the fundamental term (i.e. we put λ = 0), while for SU (N ) we treat the mixed fundamental-adjoint action. We normalized both couplings by 1/N 2 , so that, in the limit λ → ∞, the fluctuations of SU (N ) spins are restricted to the Z(N ) subgroup and the fundamental part of the action reduces to the action of the Z(N ) spin model
The trace of a U (N ) matrix can be parameterized with the help of N angles, e.g. by taking W = diag(e iω1 , · · · , e iω N ). In this parameterization the part of the action including the fundamental characters for both U (N ) and SU (N ) has the form
For the adjoint character we use the relation χ ad (W ) = χ f (W )χ f (W * ) (the constant term is omitted). The invariant measure for U (N ) is given by
where
The SU (N ) measure coincides with the U (N ) one, up to the additional constraint
which is implemented into the partition function (1) with the help of the periodic delta-function
Due to this constraint, the SU (N ) model is invariant only under the global discrete shift
for all k and x. This is just the global Z(N ) symmetry. A useful representation for the measure, which is used below, reads
Here, i1···i N is antisymmetric tensor and sum over all repeating indices is understood.
The partition function (1) can be regarded as the simplest effective model for the Polyakov loops which can be derived in the strong coupling region of 3D LGT at finite temperature. Before going into a complicated analytical and numerical study, we would like to present a simple argument which shows why the infinite-order phase transition may occur in U (N ) models. To this end we are going to compute the two-point correlation function given by
where R represents a position on the two dimensional lattice (R = (x 1 , x 2 )). One expects, at least in the vicinity of the phase transition, that Γ N (β, R) depends only on |R| and, indeed, this is the case for our approach as will be shown below. When β is sufficiently small, one can use the conventional strong coupling expansion to demonstrate the exponential decay of the correlation function. Let us study now the model when β is large. Using the global symmetry ω k (x) → − ω k (x), the correlation function is presented as
where we have introduced the sources
To compute the correlation function at large β, we adjust the simple argument by Berezinskii [1] . In the context of U (N ) models, it reduces to replacing the cosine function in the Boltzmann weight by its Taylor expansion since, when β grows, the system becomes more and more ordered. Keeping only the leading quadratic term in the expansion and using Eq. (8) for the invariant measure, one gets after the Gaussian integration (constant term is omitted)
where the Green function G is given by
and G x,x is the standard 2D massless Green function. After some algebra we end up with the following expression for the correlation function (from now on R denotes its absolute value R = |x − x |, since our approximation does not depend on the direction of
Here, A(n) is a constant which does not depend on R
π ln R for large R, we conclude that the correlation function decays with the power law
where the index η is given by
Thus, similarly to the 2D U (1) model, U (N ) spin models may possess a massless phase when β is sufficiently large, which is characterized by power-like decay of the correlation function. It is also interesting to note that the index η does not depend on N and coincides with that of the XY model. Though far from being rigorous, these simple calculations and the expression for η clearly indicate that all U (N ) spin models belong to the universality class of the XY model. In particular, there is a BKT-like phase transition which separates the phase with the exponential decay of the correlation function at small β from the massless phase at large β.
III. MEAN FIELD AND RENORMALIZATION GROUP ANALYSIS
In this section we calculate first an effective model for the partition function (1) suitable for the duality transformations. Then we proceed to construct a dual representation of the original models. The dual formulation is used for the renormalization group (RG) analysis combined with the mean field approximation. The latter is supported by the numerical results presented in Section 5.
A. Effective model
Since χ ad (W ) can be expressed in terms of χ f (W ) (see the text after Eq. (3)), the action S in the partition function (1) depends only on the real and the imaginary parts of the fundamental character
It is convenient to consider the following transformations:
Making the further change of variables
the partition function (1) can be rewritten as
where Σ(ρ, ω) is the Jacobian of the transformation. For the SU (N ) model, it is given by
For U (N ), only the term with n = 0 is present. Using the integral representation for the deltas in the last expression, one can perform all the integrations over ω k to get
with 1 ≤ i, j ≤ N , and J k (x) is the Bessel function.
B. Dual of spin models
The partition function (23) is well suited for the duality transformations. Namely, the effective action for U (N ) spin model involving ω(x) variables
can be considered as the action of the XY model with a space-dependent coupling constant. Since the Jacobian for U (N ) depends only on ρ(x), the conventional dual transformations of the XY model can be easily generalized to the present case. The result on the dual lattice reads
where p are plaquettes dual to the original sites, p, p have a dual link l in common and I k (x) is the modified Bessel function. The case of the SU (N ) model is slightly more difficult, because the Jacobian depends on ω(x) and the effective action becomes
This action can be interpreted as the effective action of the Z(N ) spin model with a space-dependent coupling constant. Performing the duality transformations in this case one finds
Here l i , i = 1, 2, 3, 4 are 4 links which form the plaquette p. In the limit N → ∞ only terms with n(l) = 0 contribute to the SU (N ) partition function. Therefore, when λ = 0, the SU (N ) partition function coincides with the U (N ) partition function.
Jacobian for U (N )
The integral on the right-hand side of (26) vanishes for all N if ρ > 1. For U (N ) the Jacobian is
For N = 1, 2 the integral can be computed exactly
When N → ∞ the integrand in (32) is strongly fluctuating and the asymptotic expansion can be computed by expanding the determinant at small r,
Treating the second term in the exponent perturbatively, we find the large-N asymptotic expansion as
where L k (x) is the Laguerre polynomial.
C. Mean field and RG for U (N )
To investigate dual models we adopt the procedure developed long ago for the XY and vector Z(N ) spin models. Namely, we replace the Boltzmann weight with its asymptotics when β is large enough. For the XY model this approximation is known as the Villain representation of the XY model. Indeed, in this case we can expect that most configurations of the ρ(x) field contributing to the partition function stay away from zero. Moreover, we expect that the mean field treatment of the ρ(x) field is a good approximation for the partition function. Thus, the analog of the Villain form for U (N ) spin model is obtained from the approximation
We use the Poisson resummation formula to sum over r(x) and the mean field approximation in the simplest form, which accounts for the substitution ρ(p) → ρ(p) = u in the action. Performing the integration over r(x), we write down the result in the form
Here, Z U (1) (β eff ) is the partition function of the XY model in the Coulomb gas representation
where β eff = u 2 β; Z mf (β, u) is instead the partition function for the ρ(p) field in the mean field approximation,
with u determined from the equation
Strictly speaking, a more consistent approach would be to compute the free energy for u including also the free energy arising from the U (1) part of the partition function (40). We have checked that this produces only exponentially small corrections to the solution of Eq. (43). Once u is computed and β eff is fixed, the partition function Z U (1) (β eff ) can be analyzed by using a conventional RG. It should be clear that, however complicated β eff may be as function of β, it is nevertheless a growing function of β. Therefore, in the RG flow one can always reach the fixed point of the XY model, β eff = 2/π, and derive the critical point from the relation β eff ≈ 0.74, where 0.74 is the approximate critical point of the XY model in the Villain formulation. Clearly, critical indices cannot depend on the exact dependence of β eff on β and take the same values as in the XY model, i.e. η = 1/4 and ν = 1/2.
To justify the use of the mean field approximation, we have numerically solved Eq. (43) and calculated u for the U (2) spin model. The resulting dependence of u on β is shown in Fig. 1 and is compared To perform the mean field study of U (N ) models for other values of N one can calculate the Jacobian (32) using numeric integration or the asymptotic expansion (37). In both approaches, we considered several values of N , namely N = 2, 4, 5, 8. The overall picture appears to be qualitatively similar for all N : for β small, u is almost a constant u ∼ O(N −1 ); when β grows, u starts slowly increasing, with the rate of increase reaching its maximum in the region β ∼ O(N 2 ). When β increases further, u continues slowly moving to the value u = 1 when β → ∞. This hints to the fact that the critical point of the U (N ) model scales as N 2 , with increasing N .
IV. DETAILS OF NUMERICAL SIMULATIONS
The observables introduced in this work can be related
• to full U (N ) and SU (N ) spins,
• or only to their U (1) part,
The corresponding magnetization is defined as follows:
where u can stand either for u N or u 1 . Then, all observables are defined in a standard way:
• Binder cumulants,
• Second moment correlation length ξ 2 ,
For the SU (N ) model we also introduce the rotated mag-
L | cos N ψ, its mean value and susceptibility.
Simulations for the U (2) model were done using the effective model given in Eq. (23) for λ = 0 and with the exact Jacobian for U (2) model given in Eq. (34) . For the update of the ρ variables a heat-bath algorithm was used, while ω variables were updated using the single-cluster Wolff algorithm described in [32] . In a typical run, for one choice of the couplings, 50000 measurements were taken, with a whole lattice heat-bath sweep and 10 Wolff cluster updates between two subsequent measurements.
For SU (N ) models the original formulation given in Eq. (1) was used. The SU (N ) matrices W (x) were parametrized by their eigenvalues e iωi , since both the partition function of the model and the observables can be defined in terms of these eigenvalues. For updating the ω i variables the Metropolis algorithm together with the Wolff cluster update using only Z(N ) reflections were adopted. We used lattices with size ranging from 8 to 256. In a typical run, for one choice of the couplings, 25000 measurements were taken, with 10 Metropolis updates of the whole lattice (with 20 hits per lattice site) and two Wolff cluster updates between two subsequent measurements.
V. BKT TRANSITION IN U (2) SPIN MODEL
In our numerical investigation of the U (2) spin model we proceed in three steps: we first check the existence of a BKT transition to a massless phase, then locate the critical coupling as precisely as possible and, finally, check its universality character via the determination of critical indices.
A clear indication of the two-phase structure is provided by scatter plots of the complex magnetization M L at different values of β and for all considered lattice sizes. Increasing β we observe a transition from a disordered phase, characterized by a uniform distribution around zero, to a massless phase, characterized by a "ring distribution". Such observation is reported in Fig. 2 for L = 512.
The next step is the precise location of the phase transition, i.e. the identification of the critical coupling β c . To accomplish this task, following [33, 34] , we can make use of appropriate fit Ansätze both for the secondmoment correlation length and for the Binder cumulant versus the lattice size. The second-moment correlation length and the Binder cumulant, in correspondence to a BKT transition, are indeed found to be RG-invariant quantities and to take universal values that are known for the XY model [33, 34] . Also their finite size scaling (FSS) behavior has been studied within the 2D XY model providing us with the following Ansätze:
• for the second-moment correlation length,
where a c = a(β c ) = 0.7506912 . . . and b c = b(β c ) = 0.212430 . . . at the critical point in the XY model;
• for the Binder cumulant, with the lattice size L, the following methods are used:
• at each fixed value of β the fit of ξ 2 and B (M L ) 4 data is performed, respectively via the Ansatz in Eq. (50) or Eq. (51), fixing b(β) to the known value b c . An estimate of β c is then given by the β-value at which a(β) = a c ;
• the same procedure as before, but fixing a(β) = a c and extracting β c from the requirement that b(β c ) = b c .
Our results are illustrated in Fig. 3 and Fig. 4 , respectively for the second-moment correlation length and the Binder cumulant B 4 . To be conservative, one can quote β c = 2.590 ± 0.005. As a remark about the fitting procedure, one can observe that its stability, with respect to the volumes included in the fit, can be inspected by changing the range of lattice sizes included in the fit and by checking that the extracted fit parameters are compatible within errors once L is large enough. We have found that such a stability in the fits is achieved as soon as the lowest size considered in the fits is L = 128 for the Binder cumulant and L = 160 for the second-moment correlation length.
Once the critical coupling has been estimated, we are able to extract critical indices out of the FSS behavior at the critical coupling of [35] :
• the magnetization |M L | that is expected to satisfy the scaling law
• the susceptibility χ
that is expected to satisfy the scaling law
Results are summarized in TABLE I and TABLE II for the case of magnetization and susceptibility, respectively.
VI. BKT TRANSITION IN SU (N = 5, 8) SPIN MODELS WITH ADJOINT TERM
It is widely expected that the phase transition in 2D SU (N ) spin models with only the fundamental representation term is certainly first order for N > 4. On the other hand, if one adds an adjoint-representation term with its own coupling λ, in the limit λ → ∞ one gets the partition function of Z(N ), so there should be two infinite-order phase transitions in this case. It is possible that the phase structure of 2D Z(N ) spin models is restored already at some finite value of λ.
To study the phase transitions in SU (N ) models, we have performed numerical simulations of SU (5) and SU (8) models. In the λ = 0 case our results are consistent with the existence of a first order phase transition. In particular, we see no intermediate phase with restored U (1) symmetry and the change of the mean magnetization between phases takes place very fast even for small lattice sizes; moreover, around the critical point there are signs of a mixed phase, i.e. the system stays for some time in one phase and then jumps to the other one. This behavior continues for small λ values. However, the phase structure of our model is found to significantly depend on the coupling λ of the adjoint interaction term: when λ becomes large enough, it changes to that of 2D Z(N ) model, i.e. an intermediate phase with U (1) symmetry appears, which can be seen from the ring-like scatter plot of the complex magnetization (see Figs. 5 and 6) . A three-phase structure is then found in this case: from the disordered low-β phase, through a massless phase for β
c , to an ordered high-β phase. There was no attempt neither to precisely locate the transition, nor to check its universality character.
Beyond the scatter plots, further information about the nature of the observed transitions is provided by the behavior with β, and for various fixed λ values, of the ordinary and rotated magnetization and their susceptibilities ( Fig. 7 and Fig. 8) .
A remark is in order about the necessity to introduce and measure the rotated magnetization: what we need is a quantity that is sensitive to the difference in the magnetization distribution between the massless and ordered phase. However the two phases differ only for the angular structure of the complex magnetization, hence the susceptibility and even the Binder cumulant for the ordinary magnetization are not able to detect the massless to ordered transition. The rotated magnetization, instead, yields a finite value when there is a non-trivial angular structure, while it vanishes when ψ is isotropically distributed. From the peaks of the susceptibilities of both ordinary and rotated magnetization we are able to infer the approximate location of the critical points. The dependence of critical points on λ also changes with the kind of transition: for small λ, when the first order phase transition takes place, β c decreases almost linearly with λ; but once we get to the two infinite-order transitions, the critical points β λ values at which BKT transitions manifest themselves in these models.
VII. SUMMARY AND DISCUSSION
The BKT phase transition occurs in various two-dimensional spin and three-dimensional finitetemperature gauge models. All these models have one feature in common: they are Abelian models. To the best of our knowledge, this type of phase transition has not been observed in any non-Abelian model.
In this paper we have investigated U (N ) and SU (N ) spin models in two dimensions with the goal of finding evidences for the existence of such phase transition. Our findings can be shortly summarized as follows:
• We presented simple arguments, based on the symmetry and on Berezinskii-like calculations, that the two-point correlation function in 2D U (N ) models decays with power-law at large β. Since the correlation function has an exponential decay in the strong coupling region, this may indicate, similarly to the XY model, a very smooth transition from the massive to the massless phase.
• More quantitative arguments in a favor of BKT transition have been obtained within the effective dual model (28) . A combination of the mean field and RG analysis led to the conclusion that U (N ) models belong to the universality class of the XY model.
• To verify the above scenario we performed detailed numerical simulations of the U (2) model. We have located the critical point of the phase transition and computed some critical indices, which appear to agree with those of the XY model.
• In the case of SU (N ) models we have considered a mixed fundamental-adjoint action, with two independent coupling constants. When the adjoint coupling is small, our numerical results reveal the existence of a first order phase transition. When the adjoint coupling grows, the fluctuations of SU (N ) variables are suppressed and the leading contribution comes from the center subgroup. Under such circumstances, one could expect that the phase structure is similar to that of the 2D Z(N ) model. Indeed, numerical investigations of SU (N = 5, 8) support the existence of two BKT-like phase transitions above a certain critical value of the adjoint coupling. To clarify completely the physical picture of the phase transitions in these models one should still solve some open issues. Among them is the extension of the analytical arguments to SU (N ) models. This can be done with the help of the dual formulation (30) . Then, to establish the universality class of SU (N ) models and to compute the corresponding critical indices, we need to perform large-scale numerical simulations of these models. The work on these and some other problems is in progress.
Finally, we would like to stress again that the models studied here can be regarded as the simplest ones describing the interaction between Polyakov loops in the strong coupling limit of a 3D LGT at finite temperature. It is well known that in the case of the SU (N )
LGT one expects a first order phase transition if N is large enough [31] . Indeed, our results for N = 5, 8, and in the region of small adjoint coupling λ, agree with this conclusion. Of course, the higher-order corrections to the effective Polyakov loop model generate all irreducible representations of the group, including the adjoint one. At the present stage we can only speculate that the values of the corresponding adjoint couplings are rather small and lay below the critical λ at which the BKT transition occurs. In order to get the BKT transition in gauge models, one should add to the Wilson action in the fundamental representation the adjoint term. This is an intriguing possibility which deserves a further investigation.
